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Abstract 

We show that some combination of the lengths of all edges of the equator of a flexible 
suspension in Lobachevsky 3-space is equal to zero (each length is taken either positive 
or negative in this combination). 
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1 Introduction 

A polyhedron (more precisely, a polyhedral surface) is said to be flexible if its spatial shape 



On ■ can be changed continuously due to changes of its dihedral angles only, i.e., if every face 

■ remains congruent to itself during the flex. 

OO ■ In 1897 R. Bricard [1] described all flexible octahedra in Euclidean 3-space. The Bricard's 

■ octahedra were the first examples of flexible polyhedra (with self- intersections). BricardTs 
octahedra are special cases of Euclidean flexible suspensions. In 1974 R. Connelly [2j proved 
that some combination of the lengths of all edges of the equator of a flexible suspension in 

^ I Euclidean 3-space is equal to zero (each length is taken either positive or negative in this 

I combination) . The method applied by R. Connelly, is to reduce the problem to the study of 

an analytic function of complex variable in neighborhoods of its singular points. 

In 2001 S. N. Mikhalev [3] reproved the above-mentioned result of R. Connelly by alge- 
braic methods. Moreover, S.N. Mikhalev proved that for every spatial quadrilateral formed 
by edges of a flexible suspension and containing its both poles there is a combination of the 
lengths (taken either positive or negative) of the edges of the quadrilateral, which is equal 
to zero. 

The aim of this work is to prove a similar result for the equator of a flexible suspension 
in Lobachevsky 3-space, applying the method of Connelly [2]. 
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2 Formulating the main result 



Let 3C be a simplicial complex. A polyhedron (a polyhedral surface) in Lobachevsky 3-space is 
a continuous map from JC to H^, which sends every A;-dimensional simplex of % into a subset 
of a /c-dimensional plane of Lobachevsky space {k < 2). Images of topological 2-simplices 
are called faces, images of topological 1-simplices are called edges and images of topological 

0- simplices are called vertices of the polyhedron. Note that in our definition an image of 
a simplex can be degenerate (for instance, a face can lie on a straight hyperbolic line, and 
an edge can be reduced to one point), and faces can intersect in their interior points. If 
vi, vw are the vertices of %, and if CP : DC ^ is a polyhedron, then T is determined by 
W points Pi, ...,Pw G IHI3, where Pj =^ y{vj), j = 1, W. 

If y : DC — > and Q : X — t- are two polyhedra, then we say !P and Q are congruent 
if there exists a motion A : M"^ — t- H'^ such that Q = A o 7 (i.e. the isometric mapping A 
sends every vertex of "P into a corresponding vertex of Q: Qj = A{Pj), or in other words 
Q{vj) = ACP^Vj)), j = 1,...,W). We say J" and Q are isometric {in the intrinsic metric) 
if each edge of T has the same length as the corresponding edge of Q, i.e. if {vj,Vk) is a 

1- simplex of DC then d^3{Qj,Qk) = ^^^{Pj, Pk), where dH3(-,-) stands for the distance in 
Lobachevsky space H^. 

A polyhedron CP is flexible if, for some continuous one parameter family of polyhedra 
D^t : DC EI^ < t < 1, the following three conditions hold true: (1) % = T; (2) each Tt is 
isometric to Tq; (3) some CP^ is not congruent to Tq. 

Let DC be defined as follows: DC has vertices vo,vi, ...,vv,vv+i, where vi,...,vv form a 
cycle {vj adjacent to fj+i, j = 1,...,V — 1, and vy adjacent to vi), and vq and vy+i are 
each adjacent to all of vi, vy. Each polyhedron T based on DC is called a suspension. Call 
N =^ CP(uo) the north pole, and S =^ 'J'{vv+i) the south pole, and Pj =^ "Pivj), j = 1, ...,V 
vertices of the equator CP. 

Assume that a suspension CP is flexible. If we suppose the segment NS to be an extra 
edge, then CP becomes a set of V tetrahedra glued cyclically along their common edge NS. 
We call a suspension nondegenerate if none of these tetrahedra lies on a hyperbolic 2-plane. 
Note that a nondegenerate suspension CP does not flex if the distance between N and S 
remains constant. Therefore, as in the Euclidean case [5] we assume that the length of NS 
is variable during the flex of CP. Examples of degenerate suspensions are a double covered 
cap — a suspension with coinciding poles (see Fig. [T|), and a suspension with a wing — a 
suspension whose vertices N , S, Pi-i, and Pj+i lie on a straight line for some i (see Fig. [2]). 
In this paper we will not study the degenerate flexible suspensions. 

The main result of the paper is 

Theorem 1 Let y be a nondegenerate flexible suspension in Lobachevsky 
3-space with the poles S and N , and with the vertices of the equator Pj, j = 1, ...,V . Then 
for some set of signs <yj,j+i € {+1,-1}, j = 1,...,^, the combination of the lengths ejj+i 
of all edges PjPjj^i of the equator of? taken with the corresponding signs (yj,j+i is equal to 



N = S 





Figure 1: A double covered cap. 



Figure 2: A suspension with a wing. 



zero, I.e. 



(1) 



(Here and below, by definition, it is considered that Py+i *== Pi, PyPv+i '= PyPi; ^^vy+i *== 
av,i, and eyy+i =^ ey,i.) 



3 Connelly's equation of flexibility of a suspension 

R. Connelly in [2] obtained an equation of flexibility of a nondegenerate suspension in Eu- 
clidean 3-space. Following him, in this section we will obtain an equation of flexibility of a 
nondegenerate suspension in Lobachevsky 3-space. 

Let us place a nondegenerate suspension T into the Poincare upper half-space model 
[U of Lobachevsky 3-space 'M? in such a way that the poles N and 5 of J" lie on the axis 
Oz of the Cartesian coordinate system of the Poincare model (see Fig. [3]). Let S has the 
coordinates (0, 0, 2:5), N has the coordinates (0, 0, zat), and Pj has the coordinates {xj,yj, Zj), 
j = 1, ...,V. Also we denote the length of the edge A^-P,- by Cj, and the length of SPj by e'j, 
j = l,...,V. 

Consider a Euclidean orthogonal projection CP of CP on the plane Oxy (see Fig. d]). Also 
CP is a hyperbolic projection of CP on Oxy from the only point at infinity of which does 
not lie on Oxy. This projection sends poles N and 5" of CP to the origin O (0, 0) on the plane 
Oxy, Pj to the point Pj {xj,yj), edges NPj and SPj to the Euclidean segment OPj, and 
the egde PjPj+i of the equator of CP to the Euclidean segment PjPj+i, j = 1, V (here and 

, 1 dcf def def def % 

below Pv+i = Pi, xv+i = xi, yv+i = yi, z^+i = zi). 




Figure 3: A fragment of the lateral surface of Figure 4: A projection of IP on Oxy . 

Polar coordinates {pj,9j) of Pj, j = 1,...,V, are related to its Cartesian coordinates by 
the formulas (see Fig. [5]): 



Note that by construction, the dihedral angle ^jj+i of the tetrahedron NSPjPj^i at the 
edge NS is equal to the flat angle ZPjOPj+i, j = 1, V, and 

= ^i+i - ^j- (3) 

Note as well that the value of ^jj+i can be negative. Applying the trigonometric ratio of 
the difference of two angles and we get: 

cos djj+i = cos 6j+i cos 9j + sin Oj^i sin 9j , sin Ojj+i = sin 6j+i cos 9j — cos 9j^i sin 9j . (4) 

Taking into account ^ we reduce ([H) to 

cos t7j — — — = , sm (7j 



Then, according to Euler's formula, 

e - cost/jj+i + zsmt/jj+i / o " / o o ' ' 

Following R. Connelly [2], we remark that the sum of the dihedral angles of all 

tetrahedra N SPjPj-^i, j = 1, at the ed^e NS is constant and a multiple of 27r (here 




and below 9v,v+i '= Ov,i, Oy+i '= 9i, Pv+i '= Pi)i i-e. 

V 

Oj,j+i = 27rm for some integer m, (6) 

i=i 

and remains so during the deformation of the suspension, when the values of the angles 
djj+i, j = 1, ■.■,V, vary continuously. 

We rewrite the equation of flexibility ([HD in a convenient form: 

V 

Yl e'^^'^+' = 1. (7) 
Thus, taking into account we see that coordinates of vertices of IP are related as follows: 

j=l -^J ^ 

or in other notations 

j=l j=lP3p3 + l , = 1 Pj 

where Gj^rn = (xjXm + yjVm) + KxjVm - yjXm),Fj^m = j, m = 1, V, and Gv,v+i =^ 

def 

Gv,l, Fyy+l = Fv,l. 

When studying the deformation Tt of the suspension CP, all objects and values related 
to CP( naturally succeed from the notations for the corresponding entities related to IP. For 
example, the coordinate Xj{t) of the point Pj{t) of the deformation Tt corresponds to the 
coordinate Xj of the point Pj of the suspension 7, the dihedral angle 6jj^i{t) of the tetra- 
hedron N{t)S{t)Pj(t)Pj^i{t) at the edge N{t)S{t) corresponds to the dihedral angle Oj,j+i 
of the tetrahedron NSPjPj+i at the edge Ni^ etc. 




Figure 6: Points on a plane in the Figure 7: Points on a plane in the 

lemma [TJ lemma [2j 

4 The equation of flexibility of a suspension in terms of the 
lengths of its edges 

In this section we are going to express the equation of flexibility of a suspension ([8]) in terms 
of the lengths of edges of 7. Recall that the lengths of the edges of 7 remain constant during 
the flex. To this purpose we need to demonstrate the truth of two following statements. The 
first of them can be verified by direct calculation (see also Fig. [6]). 

Lemma 1 Given a Poincare upper half-plane with the coordinates {p, z) {i.e., with the 
metric given by the formula ds"^ = ^'^^ ) • Then the distance between the points A {pq,za) 
and B {pq,zb), having the same first coordinate po, is calculated by the formula 

dj,2iA,B)= In^ . (10) 
ZA 

Lemma 2 Given a Poincare upper half-plane with the coordinates {p,z) {i.e., with the 
metric given by the formula ds"^ = ^J^^ ) ■ Then the distance I '= dji2{A,B) between the 
points A {pa^za) and B {pb,zb) is related to their coordinates by the formula 

(PB - PAf + z\-\- z% = 2zAZB coshL (11) 

Proof. According to the part (2) of the Corollary A.5.8 [5], the distance between the 
points with the coordinates {x, t) and {y, s) in the Poincare upper half-space model M" x M"*" 
of Lobachevsky (n + l)-space H""'"^ is calculated by the formula 

/ _ y||2 + (t - S)2\ 

dun+i{{x,t), {y,s)) = 2artanh _ ^^^^ _^ _^ J ' (1^) 
where the symbol || • || stands for the standar^ Euclidean norm in M". 



By the distance between the points A and B (see Fig. [7]) is calculated by the formula 
I - 2 artanh ( (PA - Pb)' + i^A - zs? ) 

where n = 1, (x,t) = [pa.za) and (y, s) = {pb,zb)- 

After a series of transformations of the formula (|13p we get: 



(yOA-/Oij)^(cosh2^_sinh2^)+(4+4)(^cosh2^-sinh2l) = 2zA2i? (cosh^^+sinh^^^ . (14) 

By two identities of hyperbolic geometry, cosh^ | — sinh^ ^ = 1 and cosh I = cosh^ ^ + sinh^ | , 
dm) reduces to (HI]). □ 

Let us express Gjj+i and pj in terms of the length of edges of IP. 

We assume that the coordinates of the south pole S are (0, 0, 1). Let t '= e'^H^'^^''^^ where 
djjs {N, S) is the distance between the poles and 5 of T. Without loss of generality, we 
assume that zn > zs- Then, by Lemma [H the coordinates of N are (0,0, t). 

Applying Lemma [2] to the points S and Pj lying on the hyperbolic plane SNPj, by the 
formula (jlip we get: 

p] + + 1 = 2zj cosh e'j . (15) 
Now we apply Lemma [2] to the vertices A^ and Pj: 

p] + z| + = 2tzj cosh ej. (16) 

Subtracting (fT5]) from (fT6l) . under the assumption that tcoshcj ^ coshe'-, we get: 



2 (t cosh Bj — cosh e'j ) 
Also, taking into account (|15|) and (|17|) . we obtain: 



(17) 



^2 _ 2^ ^^gj^g/ _ ^2 _ ^ _ (^ -l)coshe;. (t^ - 1)2 

(t cosh — cosh e^- ) 4(t cosh Cj — cosh 



Let Pj,j+i denote the Euclidean distance between the points Pj and -Pj+i, j = 1,...,^ 
(here and below pv,v+i '= Pv,i)- Applying Lemma[2]to the vertices Pj and Pj+i, we get: 

plj+i = 2zjZj+i cosh Bjj+i - Zj - z'j^i- (19) 

By the Pythagorean theorem Pjj+i is related to the Cartesian coordinates of Pj and Pj+i 
by the formula 

Pj,j+i = \J (xj+i - Xj)'^ + ivj+i - Vjf. (20) 
By ([2]) the equation ([20]) reduces to: 

p\j+i = [x] + y]) + (x]^^ + y|+i) - 2{xjXj+i^+yjyj+i) = p] + p'j+i - 2{xjXj+i + yjyj+i). 



Thus, taking into account (fTSj) and (fT9]) . the expression XjXj^i + yjUj^i, which is a part of 
Gjj+i from Q, is related to the lengths of edges of "? by the formula 

Pj ~^ ^7 + 1 Pi 7 + 1 / 1 7 

+ VjUj+i = — ^— ^ — — = Zj cosh Cj + Zj^i cosh ej_^_i — zjzj^i cosh ejj+i — 1. 

(21) 

Substituting ([IT]) in ([211 we get: 

1 / (i^ - 1) cosh e' {t^ - 1) cosh e' +i 



2\{t cosh Cj — cosh e^) (t cosh Cj+i — cosh e^+j^) 
(t^ - 1)^ coshejj+i 



2(f cosh ej — cosh e^)(t cosh e^+i — cosh e^_|_i) 



(22) 



Let us now express Xjj/j+i — yjXj+i, which is also a part of Gjj+i, in terms of the length 
of edges of !P. 

According to ([5]) we know that 

cos0,,+i = ^^^2±i±Mz±i and sin^,,^! = ^^Mi^^&i. (23) 
PjPj+i PjPj+i 

Note that by definition pj > 0, j = 1, V. 

By the Pythagorean trigonometric identity, the formula 



sin Ojj+i = ajj+i ^l- cos^ Ojj+i (24) 

holds true, where cr^j+i = 1 if sin^jj+i > 0, and cyj^j+i = — 1 if sin0jj+i < (remind that 
Oj,j+i is determined in Then ([25]) and ([2^ imply 



^i^i+i ~yj^j+i = = '^j,j+iPjPj+i\/^ - cos^ 6*^ j+i 



= ^ij+iPiPi+iWl 2"^ = (^3,1+1^ Pjpj+i - {xjXj+i + yjyj+iY. (25) 

V ^i^i+i 

Substituting ([18]) and ([22]) in ([25]) we get 

(t2-l)coshe;. (t2-l)2 



{t cosh Cj — cosh e'j ) 4(t cosh Cj — cosh e 



1 X 



(t2 - l)coshe;.+i (^2-1)2 \ 1/ (t2-l)coshe;. 



+ 



{t cosh Cj+i — cosh e'j_^-^^) 4(t cosh e^+i — cosh e^+i)^ / 4 \ (t cosh ej — cosh e^) 
(i2 - 1) cosh e^.+i (t2 _ 1)2 cosh e^ j+i 



(tcoshcj+i — coshe^_|^^) 2(tcoshej — cosh e^)(t cosh ej+i — cosh e^_j_-|^) 



■ (26) 



Substituting (jlSp . ()22p . and (j26p in ([8]) we obtain the equation of flexibility of a suspension 
in terms of the lengths of edges of T. 



5 Proof of the theorem 



In order to prove the theorem [T] we shah study singular points of the equation of flexibihty 
of a suspension. 

Assume that a nondegenerate suspension 7 flexes. Then, as we have already mentioned in 
the section [21 the distance Ins between the poles of "P changes during the flex. Let t =^ e''^^ 
be the parameter of the flex of IP. The identity ([9]) holds true at every moment t of the flex, 
as the values of the expressions Fjj^i, Gjj^i, pp j = 1, V, which make part ([9]), vary as 
t changes. Here the functions Gjj+i{t) = [xjXj-^.l + yjyj+i]{t) + i[xjyj^i — yjXj^i]{t) and 
p'^.{t), j = 1, V, are determined in 1^, ([22]) and ([26]). 

Assume now that for some j € {1,...,^} the dihedral angle 9jj-^.i{t) remains constant 
(the value of 6jj^i{t) can also be equal to zero) as t changes. In this case the length of 
the edge N(t)S{t) of the tetrahedron N{t)S{t)Pj{t)Pj^i{t) must be constant as well (all 
other edges of the tetrahedron are also the edges of I't, therefore there lengths are fixed), 
i.e. the value of t does not change. As we mentioned in the section [21 in this case V can not 
be flexible. Thus we have the contradiction. Therefore, the values of the angles 0jj+i(t), 
j = 1, ...,V , change continuously during the flex. Hence, there exists such an interval (ti, t2) 
that for all t € (ii,t2) it is true that 6j j^i{t) ^ for every j € {1, V}. 

We extend both sides of the equation of flexibility dH) as functions in t on the whole com- 
plex plane C. By the theorem on the uniqueness of the analytic function [6], the expression 
([9]) remains valid. 

Analytic functions Fjj^i{t), j = 1, ...,V , have a finite number of algebraic singular points. 
Without loss of generality we can assume that none of these points lies in the interval (ti, t2)- 
For every Fjj^i{t), j = 1, V, we choose a single-valued branch (Fjj+i(t), D), where D C C 
is an unbounded domain containing (ti,t2)- Let W C I? be a path connecting to G (^1,^2) 
and 00, such that to is a unique real point of W. Let us calculate the limit of Fjjj^i{t) as 
t ^ 00 along W. 

Taking into account (|18p we get 




rl/ (t^-l)coshe;. (t^ - 1)^ 



- 1 



) 



1 




(27) 



Similarly, from (j22p we derive that 



lim 



{xjXj+i +yjyj+i){t) 



4 cosh ej cosh ej+i 



cosh ejj+i 



(28) 



Also from ()25p and taking into account (I27p and (I28p we have: 



lim 



{xjyj+i - yjXj+if{t) 



= lim 



p]{t)p]+i{t) - {xjXj+i + yjyj+if{t) 




Hence, 

where Cjj+i G —1} is determined by the single-vahied branch {Fjj^i{t), D) and by the 
path W. 

By definition of Gjj+i{t) and according to ()28p and ()29p . we get: 



(7- ■ , Jf) coshe,- o_|_i + aj o+iA/cosh e,- — 1 

lini ilM+lW = ^^1^ ^^^lll^ . (30) 

t-foo 4 cosh ej cosh e^+i 

By ([30]) and dSZt), the hmit of the left-hand side of ([9]) at t oo 



F - lit) It ( I \ 



i=i i=i '^J' " j=i 

and Q at t — 7- oo transforms to 



JJ I coshejj+i + fTjj+iy''cosh^ejj+i - 1 j = 1. 



(31) 



By the fohowing trigonometric identity of hyperbohc geometry, cosh^ x — sinh^ x = 1, 
and because e^j+i > 0, we have 



cosh Cj-j+i — 1 = Y sinh e^j+i = sinhe^j+i. (32) 
By p2p the equation (|3ip transforms to 

( cosh Cj-j+i + o-jj+i sinh j+i) = 1. (33) 

By coshx = ^-^y — and sinhx = ^-^^ — , we have 

coshe,- ,+1 + f7,- ,+1 sinhe,- ,+i = J ^ ' '^ " '^^'^"^^ ~ ^' = e'^^-^+i^J'^+i. (34) 

JJ+ I e-ei,i+l . fj^.^.^^ = _i. 

Substituting (|34p in (|33p and taking the logarithm of the resulting equation, we get ([ID □. 

The study of the behavior of the equation of flexibility ([9]) in neighborhoods of other 
singular points of the left-hand side of ([9]) did not give us interesting results: either we were 
obtaining trivial identities like 1 = 1 (for instance, as t — ?■ ±1), or the limit of the left-hand 
side of the equation of flexibility was too complicated to distinguish interesting patterns 
there. 
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Figure 8: The construction of the Bricard- 
Stachel octahedron of type 1. Step 1. 



Figure 9: The construction of the Bricard- 
Stachel octahedron of type 1. Step 2. 



6 Verification of the necessary flexibility condition of a non- 
degenerate suspension for the Bricard-Stachel octahedra in 
Lobachevsky 3-space 

In 2002 H. Stachel proved the flexibihty of the analogues of the BricardTs octahedra in 
Lobachevsky 3-space. Let us verify the vahdity of the necessary flexibihty condition of a 
nondegenerate suspension for the Bricard-Stachel octahedra in Lobachevsky 3-space. 

We define an octahedron O as the suspension NABCDS with the poles N and S, and 
with the vertices of the equator A, B, C, and D. Note that we can consider vertices A and 
C as the poles of O (in this case the quadrilateral NDSB serves as the equator of O). Also 
we can consider vertices B and D as the poles of O (in this case the quadrilateral NCSA 
serves as the equator of O). 

6.1 Bricard-Stachel octahedra of types 1 and 2 

The procedure of construction of the Bricard-Stachel octahedra of types 1 and 2 in Lobachevsky 
3-space is the same as for the Bricard's octahedra of types 1 and 2 in Euclidean 3-space [7], 



Any Bricard-Stachel octahedron of type 1 in H'^ can be constructed in the following 
way. Consider a disk-homeomorphic piece-wise linear surface S in H'^ composed of four 
triangles ABN, BCN, CDN, and DAN such that de3(^, B) = de3(C, D) and d^3{B, C) = 
djj3(-D,A). It is known that a spatial quadrilateral ABCD which opposite sides have the 
same lengths, is symmetric with respect to a line C passing through the middle points of 
its diagonals AC and BD (see Fig. [8l for a more precise analogy with the Euclidean case, 
in this Figure as well as in the following Figures we draw polyhedra in the Kleinian model 
of Lobachevsky space where lines and planes are intersections of Euclidean lines and planes 
with a fixed unit ball). Glue together S and its symmetric image with respect to L along 
ABCD. Denote by S the symmetric image of under the symmetry with respect to L 



m. 




Figure 10: The construction of the Bricard- 
Stachel octahedron of type 2. Step 1. 



Figure 11: The construction of the 
Bricard-Stachel octahedron of type 2. 
Step 2. 



(see Fig. [9|). The resulting polyhedral surface NABCDS with self-intersections is flexible 
(because S is flexible) and combinatorially it is an octahedron (according to the definition 
given above). We will call it a Bricard-Stachel octahedron of type 1. By construction it 
follows that de3(A,iV) = de3(C,S'), d^3{B,N) = de3(£>,5), d^3{C,N) = dH3(A,S'), and 
dH3(AiV) = dH3(S,5). 

Any Bricard-Stachel octahedron of type 2 in H'^ can be constructed as follows. Consider 
a disk-homeomorphic piece-wise linear surface S in composed of four triangles ABN, 
BCN, CDN, and DAN such that dj^3{A,B) = dj^3{B,C) and de3(C,L>) = da3{D,A). 
It is known that a spatial quadrilateral ABCD which neighbor sides at the vertices B 
and D have the same lengths, is symmetric with respect to a plane H which dissects the 
dihedral angle between the half-planes ABD and CBD (see Fig. [T0|) . Glue together S and 
its symmetric image with respect to H along ABCD. Denote by S the symmetric image 
of N under the symmetry with respect to H (see Fig. [U]). The resulting polyhedral surface 
NABCDS with self-intersections is flexible (because S is flexible) and combinatorially it is 
an octahedron. We will call it a Bricard-Stachel octahedron of type 2. By construction it 
follows that de3(A,Af) = dH3(C,S'), de3(C,iV) = dH3(^,5), de3(-B,iV) = de3(S,S'), and 
dMD,N) = dMD,S). 

It remains to note that for every considered octahedron each of three its equators has 
two pairs of edges of the same lengths. Hence, the theorem [1] is valid for the Bricard-Stachel 
octahedra of types 1 and 2. 



Figure 12: The construction of the Bricard-Stachel octahedron of type 3 based on circles. 
Step 1. 



6.2 Bricard-Stachel octahedra of type 3 

There are three subtypes of the Bricard-Stachel octahedra of type 3 in Lobachevsky space 
[7] which construction is based on circles, horocycles or hypercircles correspondingly. The 
procedure of construction is common for all subtypes of the Bricard-Stachel octahedra of 
type 3 and it is the same as for the Bricard's octahedra of type 3 in Euclidean space. 

Any Bricard-Stachel octahedron of type 3 in can be constructed in the following 
way. Let Kac ^-^d Kab be two different circles (horocycles, hypercircles) in with the 
common center M and let Ai, A2 be two different finite points outside K^c and Kab- In 
addition, suppose that Kac, Kab-, Ai and A2 are taken in such a way that the straight 
lines tangent to Kab and passing through Ai and A2 intersect pairwise in finite points of 
and form a quadrilateral A1B1A2B2 tangent to Kab] moreover, that the straight lines 
tangent to Kac and passing through Ai and A2 intersect pairwise in finite points of 
and form a quadrilateral A1C1A2C2 tangent to Kac (see Fig. [T21 for clarity, we placed 
circles Kab and Kac so that their common center coincides with the center of the Kleinian 
model of Lobachevsky space. In this case Kab and Kac are Euclidean circles as well). A 
polyhedron O with the vertices Ai, Bj, C^, with the edges AiBj, AiC^, BjC^, and with the 
faces AAiBjCk, i,j,k € {1,2}, is an octahedron in the sense of the definition given above 
(see Fig. [T3]) . The following pairs of vertices can serve as the poles of O: {Ai, A2) with the 
corresponding equator B1C1B2C2, {Bi,B2) with the equator A1C1A2C2, and (Ci,C2) with 
the equator A1B1A2B2. Suppose in addition that O does not have symmetries. We will call 
such octahedron O a Bricard-Stachel octahedron of type 3. 

According to H. Stachel [7], O flexes coritinuously in H'^. Moreover, O admits two fiat 




Figure 13: The construction of the Bricard-Stachel octahedron of type 3 based on circles. 
Step 2. 



positions during the flex (we constructed O in one of its flat positions). Hence, for every 
equator of O, A1B1A2B2, B1C1B2C2, and A1C1A2C2, all straight lines containing a side of 
the equator are tangent to some circle (horocycle, hypercircle) at least in one flat position of 
O. Using this fact, we will prove that the theorem[T]is valid for the Bricard-Stachel octahedra 
of type 3. We have to consider three possible cases: when an equator of O is tangent to a 
circle, to a horocycle, or to a hypercircle in H^. Here we study the most common situation 
when any three vertices of an equator of a flexible octahedron in its flat position do not lie 
on a straight line. 

6.2.1 An equator of a Bricard-Stachel octahedron of type 3 is tangent to a circle 
in 

Let M be the center of the circle Kab with the radius R in and let all straight lines con- 
taining a side of the quadrilateral A1B1A2B2 are tangent to Kab- Let us draw the segments 
MPi, MP2, MPs, MP4 connecting M with the straight lines ^1-62, A2B2, A2B1, AiBi 
and perpendicular to the corresponding lines. By construction, djj2(M, Pi) = d^2{M, P2) = 

dMM,P3) = dMM,P4) = R. 

By the Pythagorean theorem for Lobachevsky space [S] applied to AAiAdPi and AA1MP4, 

def 

we obtain: coshdig[2(^i, Pi) = coshde2(^i, P4) = coshd]H[2(^i, M)/ cosh P. Then a = 
d^2{Ai,Pi) = de2(^i,P4). Similarly we get: 6 =^ dea (P2 , A ) = de2(P2, -P2), c =^ d]Hi2(^2, -P2) 
d]Hi2(^2,i^3), and d =^ de2(Pi,P3) = d]Hi2(Pi, P4). 

If the circle Kab is inscribed in the quadrilateral A1B1A2B2 (see Fig. [12]) . then 
diHi2(^i,P2) = a + b, de2(A2,P2) = 6 c,^|ie2 ( A2 , Pi ) = c + d, de2(^i,Pi) = a + d, 



and the identity 



d^2{Ai,B2) - dH2(A2,S2) + dH2(^i,5i) - d^2{AuBi) = (35) 

holds true. 

If the circle K^b is tangent to the quadrilateral A1B1A2B2 externally (this case corre- 
sponds to the quadrilateral A1C1A2C2 and to the circle K^c in the Fig. [T2]) . then dH2 (^41 , B2) = 
a — b, dfi2{A2, B2) = 6 + c, d]Hi2(A2, Bi) = c — d, d-^2{Ai, Bi) = a + d, and the identity 

de2 (^1 , ^2 ) + ( A2 , ) - de2 ( , Bi ) - dH2 ( Ai , 5i ) = (36) 

holds true. 

By (j35p and (j36p . the theorem [T] is valid for any equator of a Bricard-Stachel octahedron 
of type 3 tangent to a circle in at least one of its flat positions. 

6.2.2 An equator of a Bricard-Stachel octahedron of type 3 is tangent to a 
horocycle in 

Let us consider the Poincare upper half-plane model of Lobachevsky plane with the 
coordinates {p,z) (i.e., with the metric given by the formula ds'^ = '^^ '^^^ ). Without loss 
of generality we can assume that the center of the horocycle tangent to the equator of a 
Bricard-Stachel octahedron O of type 3, coincides with the (unique) point 00 at infinity of 

which does not lie on the Euclidean line z = 0. We denote the family of such horocycles 
by iiT = {p = R\R > 0}. Let £ K and let Ai = {pa-i-,za^) and A2 = {PA21ZA2) be two 
opposite vertices of O, such that the straight line (in H^) passing through Ai and A2 is not 
tangent to Kr. All the vertices of O are located outside Kr, hence za^ < R and < R- 
We will construct all possible quadrangles tangent to Kji with the opposite vertices Ai and 
A2, i.e., all quadrangles that can serve as equators of O. Then we will verify the validity of 
the theorem [1] for such quadrangles. 

Let T = {pt, zt) be a point in and let A be a straight line in passing through T 
which is realized in the Poincare upper half-plane as the Euclidean demi-circle with the radius 
Y^(Pt^-"p7vO^~+^I' ^'^d with the center = (pt.AjO). Then the angle 99^ '= ZTOjp G 
(0, vr) determines uniquely a position of T on A. 

Remark 1 For every finite point T = {px^zt), zt < R, there exist precisely two straight 
lines AJ and Aj tangent to the horocycle and containing T . They are realized in the 
Poincare upper half -plane as the Euclidean demi-circles with the radius R and with the centers 
of = {pt.1,0) and Oj = {pT,r,0), Pt.i ^ Pt ^ PT,r- The angles ipj^ '= ZTOj p and 
dcf ^ipQTp g^j.y^ fj^g ^/jg coordinates of T on Af and Aj correspondingly. Then, by 
construction, we get: (p'^ = vr — iplj,. Hence, 

cos ip^ = — cos (37) 

According to the remark [H there are two straight lines, A^^ , and A^^ , passing through 
Ai and tangent to Kji, which are realised in as the Euclidean demi-circles with the 



radius R and with the centers Of^ = (/9^^^/,0), O^^ = (pAi.rjO), PAi,i ^ PAi ^ PAi,r- The 

angles ip^_^ *== ZAiOf^p, ip\''_^ *== ZyliO^^/j serve as the coordinates of Ai on A^^ and A^^ 
correspondingly. Moreover, 

cos (p^_^ = — COS 93^^ . (ooj 

Similarly, there are two straight lines, A^^, and A^^, passing through A2 and tangent 
to Kji, which are realised in as the Euclidean demi-circles with the radius R and with 

the centers Of'^ = (pAa.^O), O:^^ = {pA2,r,0), pA2,i < PA2 < PA2,r- The angles ip^, 
a;*2 dof 

Moreover, 



AP def 



ZA20f^ p, Lp^^ = ZA20^'^p serve as the coordinates of A2 on Af^ and A^^ correspondingly. 

cos = - cos ip^^ . (39) 

Suppose that A^^ and Af^ intersect at a point Bi. Then the angles '= ZBiOf^ p, 
99^'^ = ZBiOf^p serve as the coordinates of Bi on A^^ and Af^ correspondingly. Moreover, 

cosip^[ = -cosv?^'^ . (40) 



A;^i def 



Also suppose that A.^^ and A^^ intersect at a point i?2- Then the angles 93^' 

ZB20^^ p, 93^^ '== ZB20^'^ p serve as the coordinates of on A.^^ and A,^^ correspondingly. 
Moreover, 

cosv^sf = -cos(^£\ (41) 



A;^i def 



Let the straight lines Aj5^ and A^ ^ intersect at a point Ci. Then the angles ipfj 
ZCiO^V; '^Ci ^ ZCiOf^p serve as the coordinates of Ci on A^^ and Af^ correspondingly. 



Moreover, 



cos (^c-i = - COS ip(.[ . (42) 



A;*i def 



Also, let the straight lines A^ ^ and A^^ intersect at a point C2. Then the angles ip(j, 
ZC20f^ p, 99^^ =^ ZC20^^p serve as the coordinates of C2 on A^^ and A^^ correspondingly. 



^A2 A"*! 

cos y^c-; = - cos ip(J^ . (43) 

By construction, the quadrangles A1B1A2B2 and A1C1A2C2 are tangent to iTjj, and 
the points Ai, A2 are opposite vertices of each of these quadrangles. In order to verify the 
validity of the theorem[T]for the flexible octahedra with the equator A1B1A2B2 or A1C1A2C2 
we need to prove the following easy statement. 

Lemma 3 Given a Poincare upper half-plane with the coordinates {p,z) {i.e., with the 
metric given by the formula d-s^ = '^^ '^■f^ ). Let A and B he points on the straight line 
A realized in as the Euclidean demi-circle with the raduis R and with the center 0\ = 
{pOj^,0), and let the angles ipA '= ZAOap, ^^(^ ZBOap serve as the coordinates of A and 



B correspondingly on A. Also we assume that < tpA < (pB < t^- Then the distance between 
A and B is calculated as follows: 



d^2{A,B) 



2 



1 + cos LP A \ ~ COS Lp B 
1 — COS (fA 



(44) 



.1 + COS (fB' 

Proof. The hyperbolic segment connecting the points A and B is specified para- 
metricahy by the formulas AAB(t) : {p{ip), z{ip)), S [ipA,VB], where p{ip) = poi^ + RcosLp, 
z{ip) = Rsmip, A = Kab{'^a)^ B = Aab{v^b)- The direct calculation shows that the lengths 
of Aab is equal to the right-hand side of dM]) . □ 

By Lemma [3l the lengths of the edges of the quadrilateral A1B1A2B2 are calculated as 
follows: 

r / A-^' 

1 , / 1 + cos Lfjl^ 



dfp{A2,Bi 



d^2{B2,Ai 



d]H[2(S2,^2 



■In 



2 



2 



1 



In 



- 1 + cos ipg^ 
A/ 

1 + COS 99^'^ 

. 1 + COS ip^_^ 
1 + COS ip^^^ ' 

, 1 + COS (p^^ 
1 + COS 99^; 




. 1 + COS LPj^^ 




■ 

1 - COS if/^ 



COS 



fB2 



Then, by dM])— dH]), we get: 

d^2{Ai,Bi) + du2{A2,Bi] 



dH2(S2,^l) -dH2(S2,^2) =0. 



(45) 

(46) 
(47) 
(48) 

(49) 



By Lemma El the lengths of the edges of the quadrilateral A1C1A2C2 are calculated as 
follows: ^ 

1 + cos Lp^r^ \ I 



diH[2(Ci, Ai 



dH2(C2, ^1 



dH2(^2,Ci) 



dH2(A2,C2) 



im 
2 



im 

2 



In 



In 



. 1 + cos ip/^ . 

1 + COS ip(j^ 
. 1 + COS ipj^^ . 

1 + COS Lpjl^ 
. 1 + COS ip(j^ . 

1 + COS v?^;' 



A^ 

COS ^a\ 

A-*! 
COS ^A^ 

A^ 



COS 



By 



, 1 + COS LP(J^ , 

(|42p . and (03]), it is easy to verify that 



Af2 

cos 

Af2 
COS<y9^2 

A^2 

COS v?^; 
cos 93/2 



(50) 



(51) 



(52) 



(53) 



dH2 (C2 , ^1 ) + dH2 (Ci , Ai ) - dH2 ( ^2 , Cl ) - dH2 ( A2 , C2 ) = 0. (54) 

According to ()49p and ()54p . the theorem [1] is valid for any equator of a Bricard-Stachel 
octahedron of type 3 tangent to a horocycle ''^ at least one of its flat positions. 



6.2.3 An equator of a Bricard-Stachel octahedron of type 3 is tangent to a 
hypercircle in 

Let us consider the Poincare upper half-plane model of Lobachevsky plane with the 
coordinates [p, z) (i.e., with the metric given by the formula ds'^ = '^^ ). Without loss 
of generality we can assume that the hypercircle tangent to the equator of a Bricard-Stachel 
octahedron O of type 3, passes through the (unique) point oo at infinity of which does 
not lie on the Euclidean line 2 = 0, and through the point O = (0, 0) at infinity of H^. Every 
such hypercircle is specified by the equation z = ptana for some a G (0, §) U (f ,vr). By 
the symmetry of with respect to the straight line /) = 0, it is sufficient to consider the 
family of hypercircles K = {z = ptana|a G (0, ^)}. Let G K. We will construct all 
possible quadrangles tangent to such that none of their vertices belongs to K^, i.e., all 
quadrangles that can serve as equators of O. Then we will verify the validity of the theorem [1] 
for such quadrangles. 

Let us study the quadrangles based on the straight lines A^^ , A^^ , A^^ , A^^ ^ tangent to 
which are realised in as the Euclidean demi-circles with the centers Of^ = {pAi,u^)i 
O^^ = (pAi,r,0), 0/^2 = (p^2,/'0)' = (/OA2,r,0). Also, let Afi and A^i intersect at a 
point Ai, A^^ and A^^ intersect at a point A2. Assume that Ai and A2 are two opposite 
vertices of O, and that the inequalities < PAi,/ < PAi,ri < PA2,i < PA2,r hold true. 

Remark 2 Let T = {pt,zt) he a point in H^, which serves as the intersection of straight 
lines AJ and tangent to a hypercircle K^, and let Af and Aj are realised in as the 
Euclidean demi-circles with the centers Of = (pr,;)0), Oj = {pT,r,0) (px^i < PT,r)- Then, 
by RemarkUl the angles '= ZTOf p and (f'j' *== Z.TOjp determine uniquely the positions 
of T on AJ and AJ correspondingly. Moreover, 



I pTr cos a 1 sma r Pti cos a 1 sma 

cosc/^j- = — ■ and cos iprp = — ■ . (55) 

Pt I 2 sin a 2 sin a 2 pxr^ sin a 2 sin a 2 



Proof. A^ and A^ are tangent to K^- Hence, the radii Ri and Rr of the demi-circles 
realizing A^ and A^ in are determined by the formulas 

Ri=Pt,i sin a and Rr = pT,rSina. (56) 

Let Too be a point with coordinates (pT, 0). Applying the Euclidean Pythagorean theorem 
to ATTooOf and simplifying the obtained expression, we get: 

+ z'^ = 2pTPT,i - PT^iCos^a. (57) 
Similarly, from ATT^oOf we get that 

9 9 9 9 / \ 

Pj' + Zj' = 2pTPT,r — Ptv'^OS a. (58) 

Subtracting (f57|l from (|58l) . we easily deduce: 

Pt = cos a. (59) 



From the definitions of the cosines of Lp^j, and 93^ (cosc/^^ = {pj' — px^i)/Ri and cos(/p^ 
{pt — PT,r)/Rr), taking into account (f56|) and (j59|) . we obtain ([55]) . □ 



By Remark[2l the angles ip^_^ *== ZAiOf^p and v?^^ *== ZAiO:^^ p determine uniquely 
the positions of Ai on Af^ and A^^ correspondingly. Moreover, 

Af 1 /OA, r cos^Q 1 sin a j^^i pA, i cos^a 1 sin a 

cos if A = '■ and cosc^^'' = '■ . 

^ PAi I 2 sin a 2 sin a 2 ^ r 2 sin a 2 sin a 2 

(60) 

Similarly, the angles =^ ZA20;"^^p and (/9^^ Zy420^^p serve as the coordinates of 

A2 on A^^ and A^^ correspondingly. Moreover, 

^ PAo r cos^Q 1 sin a p^^2 pAo i cos^a 1 sin a 

cosifA = ■ and cos if/ = '■ . 

^ PA2 1 2 sm a 2 sm a 2 ^ ^ 2 sm a 2 sm a 2 

(61) 

Suppose that the straight lines A^^ and Af'^ intersect at a point Bi. Then the angles 

^BiOf^p and 99^'^ '== ZBiOf'^p serve as the coordinates of Bi on A^^ and A^^ 
correspondingly. Moreover, 

Af 1 PA2 1 cos^Q 1 sin a , a^ ^ ; cos^a 1 sin a 

cos tpp, = '■ and cosc/^J = ■ . 

^ PAi 1 2 sin a 2 sin a 2 ^ p^2 i 2 sin a 2 sin a 2 

^^(62) 

Suppose also that A^^ and A^^ intersect at a point i?2- Then the angles = 

Zi?20^V S'^d <^^^ =^ ZB20:^'^p serve as the coordinates of ,62 on A^^ and A^^ corre- 
spondingly. Moreover, 

A'*! /OAo r cos^a 1 sin a ^"^2 pA. r cos^a 1 sin a 

cos(/3n'' = ■ and cosifrf = '■ . 

^ PAi r 2 sin a 2 sin a 2 ^ pA2 r 2 sin a 2 sin a 2 

(63) 

Suppose that A^^ and A^^ intersect at a point Ci. Then the angles 99^^ = /LCiO^^p 

A^^ d f 

and (p(j^ = ZCiOj serve as the coordinates of Ci on A^^ and Af'^ correspondingly. 
Moreover, 

Af 2 PA. r cos^a 1 sin a ^^1 pAo i cos^q 1 sin a 

cos ip^, = ■ and cos ip,^'' = '■ . 

^ PA2 1 2 sin a 2 sin a 2 ^ pA^ r 2 sin a 2 sin a 2 

^J64) 

Suppose also that A^^ and A^^ intersect at a point C2. Then the angles ip^'^ *== 

ZC20f^p and 99^^ *== AC20^'^p serve as the coordinates of C2 on A^^ and A^^ correspond- 
ingly. Moreover, 

Af 1 /Oyi, r cos^Q 1 sin a , a'*2 pA^ i cos^a 1 sin a 

cos iff-; = and cosip^J = . 

^ PAi I 2 sm a 2 sm a 2 r 2 sm a 2 sm a 2 

(65) 

As in the case of the quadrangles tangent to a horocycle in H^, the lengths of the edges 
of A1B1A2B2 are expressed in (|15]) — (|i8]) . and the lengths of the edges of A1C1A2C2 are 
calculated in ([50]) — ([53]) . Taking into account ([60]) — ([65]) . it is easy to state the validity 
of ([MD and ([MD. 



According to (09]) and (j54p . the theorem [T] is vahd for any equator of a Bricard-Stachel 
octahedron of type 3 tangent to a hypercircle in at least one of its flat positions. 

The case when three vertices of an equator of a flexible octahedron in its flat position lie 
on a straight line, is similar. The case when all four vertices of an equator lie on a straight 
line, is trivial. 

The author is grateful to Victor Aleksandrov for his help at all phases of preparation of 
this paper. 
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